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Abstract
This paper review an optimization methodology to find an optimal tuned mass damper (TMD) based on response
surface methodology (RSM) coupled central composite design (CCD). Inner to do this, the frequency ratio and
damping ratio of TMD has been considered as design variable (DV) whereas the structural response was the
response variable (RV). The optimization system has been done under the El Centro earthquake. To check the
effectiveness of the founded optimal TMD, a ten-story building system has been configured with the optimal
TMD and analyzed under the recorded El Centro (1940), Kobe (1995), and Tabas (1978) earthquake. Also, the
structural response has been compared with the different conventional TMD’s designed by Den Hartog’s, Sadek
et al.’s and Warburton’s method. From the results, it was found that the optimal TMD based on RSM shows better
response than conventional TMD. And the response model offers an efficient approach regarding the TMD
optimization.
Keywords: Tuned Mass Damper, Response Surface Methodology, Central Composite Design, Design Variable,

Response Variable
1 Introduction

The tuned mass damper (TMD) is well-established as a passive dynamic vibration absorber, generally composed
of an additional (or secondary) mass, an elastic spring, and a viscous (or hysteretic) damper attached to a primary
structure. After the original introduction of TMD concept (Frahm. H, 1911), few researchers gave their
concentration on the development of optimum parameters of TMD (Warburton, 1982; Den Hartog, 1985; Sadek,
Mohraz et al. 1997; Martínez, Curadelli et al. 2013; Wang et al., 2015; Quaranta, Giuseppe et al., 2016; Salvi et
al., 2016). However, till the date the parameters optimization of TMD is also a great challenge for the engineers
and researchers.
In this study, the central composite design (CCD) of response surface methodology (RSM) has been applied to
determine the optimum parameters of TMD in order to get the better response of structure during the earthquakes.
The RSM is a collection of mathematical and statistical techniques that has been used for the modeling and
analysis the optimization problems in which a response of interest would be influenced by several variables and
the objective (Montgomery, 2008). The RSM based optimization has been applied in the various field as example,
cement paste mix design (Soto-Pérez, López et al., 2015). In this review, the RSM has been applied for getting an
multiobjective optimized TMD and it would be able to overcome the drawbacks of previous TMD optimization
related work.
2 Response Surface Methodology
The response surface methodology (RSM) is typically composed of the sequential iteration process to build the
design matrix by means of factorial design or augmenting on some design points. Prior to running RSM, a list of
significant factors should be selected through an adequate method like factor analysis based on engineering
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knowledge. The central composite design (CCD) is one of the mostly used design of experiment (DOE) for
approximating second-order response surface models and is composed of 2 factorial design points, 2 axial
points and typically three to five center points, as shown in Figure 1. The design consists of the factorial design
with center points and the star/axial points used to estimate the curvature. This allows the quadratic terms to
interfere in the model, and to estimate the optimum combination of factors. The total number of analysis point is
calculated based on = 2 + 2 + proposed by Lee, Krongchai et al. (2015), where is the number of factors
and is the replication number of center point.

(a) 2 factors central composite design

(b) 3 factors central composite design

Figure 1. Central composite design for k=2 and k=3
The method of least squares has been applied to estimate the regression coefficients in a multiple linear regression
model. If the data of the CCD consider as a function of second-order polynomial equation, then the equation will
be
y=

+
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+
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where, y represents the predicted response,
the intercept, the first-order (linear) coefficient,
the secondorder (quadratic) coefficient,
the coefficient of interaction effect,
and
the coded levels of independent
variables respectively, and ε the associated random error.
The model in terms of observations, may be written as matrix notion as
=

where
y=

⋮

,

(2)

+
=

1

1

⋮

⋯
⋱
⋯

⋮ ,

=

⋮

, and =

⋮

Where y is a vector of the observation, X is a matrix of the level of the independent variables,
the regression coefficients and is vector of random errors.

is the vector of

2.1 Steps of Response surface methodology based multi-objective Optimization
The proposed approach for optimization based on the planned experimental works (within the domain of required
characteristic performance) and statistical analysis of the data generated, which would reduce the number of trial
batches needed. The Proposed RSM based multi-Objective optimization approach consists several steps: 1.
Specification of the Characteristic Performance 2. Selection of the Levels of Key Factors 3. Selection of design
of experiment method and generation of design matrix 4. Experimental Work for Generating Data to Obtain
Statistical Model for Optimization 5. Statistical Analysis of Experimental Data and Fitting of the Statistical Model
6. Desirability function for multi-objective optimization using the fitted response surface Model.
2.2 Multi-objective optimization of TMD
2.2.1 Design points and structural responses
In order to achieve the best performance of the TMD, the main parameters were need to be optimally designed.
In this study, optimization has been configured to determine the optimum values of TMD parameters by applying
response surface and desirability function. A design point has been created based on the CCD with constrained
for frequency ratio and damping ratio of TMD, and design points of these two design variables were ranged 0.85
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to 1.0 and 0.1 to 0.2, respectively. Design matrix has been made at total 9 experimental points Analysis point and
structural responses for each TMD are represented in Table 1.
Table 1. Design point and corresponding structural responses
Design
Coded Unit
Actual Unit
Responses
Point Type
A
1.41421
0.00000
1.150
0.150
7.061
0.056206
A
0.00000
-1.41421
1.000
0.129
7.140
0.046757
A
0.00000
1.41421
0.788
0.200
5.610
0.051317
C
0.00000
0.00000
1.000
0.200
5.169
0.046338
F
1.00000
-1.00000
0.850
0.150
7.806
0.048761
F
-1.00000
-1.00000
0.850
0.250
5.879
0.048781
F
1.00000
1.00000
1.212
0.20
5.969
0.060774
F
-1.00000
1.00000
1.150
0.250
4.779
0.05586
A
-1.41421
0.00000
1
0.270711
5.301
0.048623
* A=axial point, *C=center point, *F=factorial point, *
= frequency response of top floor and *
=
Root mean squared displacement of top floor
2.2.2 Model adequacy and analysis of variance
The coefficient of determination of R-squared for multiple regression is a measure of how close the data are to
the fitted regression line. Usually, a model fits the data well if the deviations between the measured data and the
predicted data are small and impartial. Table 2. shows R2 for a full quadratic model of the TMD response variables.
Table 2. Quadratic model summary to check the adequacy
Response

TMD
Model Equation with coded coefficient
7.945 − 0.219(α ) − 3.97( ) + 0.1011(α ) + 1.382
− 0.067(α
)
)
)
0.047145 − 0.000682(α − 0.00310(
+ 0.001248(α
+ 0.0018
0.000069(α )

)

−

R2 (%)
84.51%
99.08%

2.2.3 Response surface interaction of deign variable
A surface plot displays three-dimensional view that provides a clear view of the response surface. It helps to
visualize how the response changes with the different combination of factors. Figure. 2 is presenting the response
surface plot of frequency response amplitude and top floor root mean squared displacement under El Centro
earthquake by considering frequency ratio and damping ratio of TMD. Both frequency response and RMS
displacement are nonlinear with the change of frequency ratio and damping ratio. From the stand point of response
surface of individual objective function, the minimum value of frequency response and RMS displacement is
estimated to be an approximation point that the frequency ratio and damping ratio are likely close to 0.9807 and
0.2263, respectively.

(a) 3D Surface plot for frequency response

(b) 3D Surface plot for RMSD response

Figure 2(a)-(b). Surface response plot for interaction effect as a function of frequency responses and
RMSD response
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3 Numerical example
A ten-story building structure has been considered as a place to examine the response of the optimal TMD during
the seismic excitation. Here the TMD mass is considered as 2% of the total structural mass. The corresponding
damping of the structure has been calculated using the Rayleigh damping using Eq. 5.
=

(3)

+

where
is the damping matrix, is the mass matrix,
constant, having a unit of sec and sec.

is the corresponding stiffness matrix and

,

is the

4 Applied of Ground Motion and Parameter Calculation of Optimal TMD
For evaluating and comparing the performance of the proposed optimized TMD control system with, the
considered structure has been analyzed with the consideration of El Centro, Kobe, and Tabas earthquakes. Figure
3, shows the earthquake signal of (a) El Centro, (b) Kobe, and (c) Tabas in the form of acceleration.

a)

Accelerogram of El Centro Earthquake

c)

b) Accelerogram of kobe Earthquake

Accelerogram of Tabas Earthquake

Figure 3. Applied ground motions
All of the accelerations were executed as a time history. The motive for applying several earthquakes is at different
earthquakes contain various distinctive frequencies. And the optimal TMD would be optimum for different peak
ground acceleration. Here, the El Centro earthquake load have been applied for optimization and the others loads
for check the adequacy and acceptance. After finding the optimum tuning frequency ( ) and the optimum
damping ratio( ) of TMD, we have been calculated the natural frequency (
=
), stiffness( =
),
and damping ( = 2
) properties of tuned mass damper has been determined, where,
and
is the
mass of TMD and structural natural frequency of first mode. The stroke length has been calculated by using the
following equation: L =

5 Structural Response Verification with the different Earthquake loads
5.1 Dynamic responses of structure
The structure has been analyzed under the three-recorded applied earthquake (Figure 3) like El Centro, Kobe and
Tabas earthquakes. The notorious top floor root mean square (RMS) displacement and frequency response of the
structure have been evaluated here. From the figure 4 and 5, it could be said that the response surface methodology
(RSM) based optimal TMD might be an optimal TMD. The structure with the RSM based optimal TMD shows
the highest decreasing rate in terms peak RMS displacement and frequency response.
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RMS disp. of top floor (cm)

5.2 Comparison of RSM based optimized TMD result with conventional TMD
The considered structure has been analyzed with the proposed response surface methodology (RSM) based
optimum TMD under the recorded earthquakes like El Centro, Kobe and Tabas earthquakes. To compare the
effectiveness of the proposed optimal one, the structure has been also analyzed with the conventional TMD that
was designed by following Den Hartog, Sadek et al., and Warburton design method. The figure 4, illustrates the
root mean square (RMS) displacement of considered structure respect to the applied ground motion. The RSM
displacement of uncontrolled structure has been found 10.55cm. whereas the structure with the optimum TMD
shows 4.2cm. And the structure with the conventional TMD, shows 4.5cm, 4.9cm, and 4.58cm respectively. The
above response has been found under the El Centro earthquake. The uncontrolled structure under the Kobe
earthquake shows 3.85cm RMS displacement, whereas the structure with optimal TMD shows 1.51cm. However,
the structure with the conventional TMD shows 2.12cm, 2.18cm and 1.98cm respectively. Also, the uncontrolled
structure shows 4.5cm RMS displacement under the Tabas earthquake, while the controlled structure shows
2.1cm, 2.9cm, 2.5cm, and 2.55cm respectively. The above response has been found respectively for the RSM
based optimal TMD and the others conventional TMD.
15
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RSM
Den Hartog
Sadek et al.
Warburton
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El-Centro Kobe
Tabas
Applied Seismic loads

Figure 4. Structural response in terms of root mean square displacement of the structure

(a) Frequency response with/without optimal TMD

(b) Frequency response with conventional and
optimal TMD
5.1 (a)-(b). Comparative frequency response under El Centro earthquake

(a) Frequency response with/without optimal TMD

(b) Frequency response with conventional and
optimal TMD
5.2 (a)-(b). Comparative frequency response under Kobe earthquake

(a) Frequency response with/without optimal TMD

(b) Frequency response with conventional and
optimal TMD
5.3 (a)-(b). Comparative frequency response under Tabas earthquake
Figure 5. Dynamic response in terms of frequency of the structure under the applied seismic loads
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From the frequency response analysis of the structure, it has been founded that the RSM-based optimized TMD
shows the better response than the conventionally designed TMD. The frequency response of the structure has
been presented by the Figure. 5 under the applied seismic loads. The magnitude of frequency response for the
uncontrolled structure has been found 36.28dB (Figure 5.1 (a)-(b)), while the controlled response was 6.35dB
with the RSM based optimized TMD. Also, the structure with the conventional TMD shows 8.43dB, 7.38dB, and
8.67dB as frequency response respectively. The above response has been found under the applied El Centro
earthquake.
Under the applied Kobe earthquake, the uncontrolled structure shows 28.66dB, meanwhile the controlled structure
shows 6.00dB with optimal TMD. Meanwhile, others magnitude of frequency for controlled structure with the
conventional TMD have been found 7.3dB, 7.35dB, and 8.58dB respectively (figure 5.2a to figure 5.2 b). Besides,
the figure 5.3a and 5.3b shows the uncontrolled and controlled frequency response of the structure for the Tabas
earthquake. The uncontrolled structure shows 17.25dB as frequency response, while the controlled structure with
the conventional TMD have been found 6.8dB, 7.10dB, and 7.58dB respectively. However, the structure with the
RSM-based optimized TMD has been found as 6.09dB.
5 CONCLUSIONS
In this paper, a new approach has been proposed to find an optimal TMD. The approach was based on the response
surface methodology (RSM) based multi-objective optimization of tuned mass damper. The concluded result has
been given below:
 RSM-based optimized damper has been found 2.84% and 5.73%, 15.84% and 4.53%, 17.78% and 4.11%
more efficient than the Den Hartog designed conventional TMD.
 Also, the RSM-based optimized damper shows 6.63% and 2.83%, 17.40% and 4.71%, 8.89% and 5.86%
more efficient than the Sadek et al. designed conventional TMD.
 Moreover, the RSM-based optimized damper shows 3.6% and 6.36%, 12.21% and 9.0%, 10.0% and
8.63% more efficient than the Warburton designed conventional TMD.
The above response represents the highest peak RMS displacement and frequency response under El Centro, Kobe
and Tabas earthquake. From the results, it could be said that the RSM based optimization offers an efficient
approach regarding to the finding of an optimal TMD.
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